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dominate the plankton in eutrophic lakes (Berger 1975; Schindler 1975; Reynolds 1984; Smith 1986; Trimbee and Prepas 1987; Sas 1989) . In eutrophic shallow lakes, dominance of the filamentous cyanobacteria of the Oscillatoria group is a particularly important water quality problem. Planktothrix agardhii (formerly Oscillatoria agardhii) is especially notorious for forming blooms that can persist even throughout the year (Berger 1975; Sas 1989) . Although eutrophication is seen as a main reason for these blooms, attempts to restore the original phytoplankton community in shallow lakes by means of reduction of the nutrient loading are often unsuccessful (Sas 1989 ). This may be explained by the fact that Oscillatoria dominance is likely to represent an alternative stable state of the plankton community of shallow lakes (Scheffer et al. 1997a) . A plausible underlying mechanism is that these cyanobacteria are able to cause a higher turbidity than other algae at a given nutrient concentration, while they are also the superior competitors at high turbidity when the underwater light levels are low. As a result, dominance by filamentous cyanobacteria is highly resilient.
An often mentioned explanation for the success of large colony-forming cyanobacteria is the fact that they seem less susceptible to zooplankton grazing than other algae. There are different reasons for this. Several experiments suggest that the nutritional value of many cyanobacteria for zooplankton is low (Arnold 1971; Hawkins and Lampert 1989; De Bernardi and Giussani 1990) and that some can even be lethally toxic (Reinikainen et al. 1994; Codd 1995) or release substances that inhibit feeding activity of zooplankton (Haney et al. 1994) . Also, many colonies are simply too large to be ingested by most zooplankters, and filamentous colonies may clog the filtration apparatus of the animals, reducing the feeding efficiency of especially the larger Daphnia species (Hawkins and Lampert 1989; Gliwicz 1990; Gliwicz and Lampert 1990) .
The relative inedibility of cyanobacteria suggests that they may be favored by the presence of zooplankton because these will tend to eliminate competing algae that are more susceptible to grazing. Such selective grazing is often mentioned as an explanation for a shift to cyanobacterial dominance following the spring peak of zooplankton (Sommer et al. 1986; Sarnelle 1993) , and enclosure studies have confirmed that inedible algae tend to become more abundant at higher zooplankton grazing pressure (McCauley and Briand 1979) . Inedibility is also thought to make biomanipulation (fish stock reduction allowing zooplankton development) unlikely to work as a way to eliminate dense blooms of cyanobacteria (Gliwicz 1990; Hosper and Meijer 1993; Boon et al. 1994) . However, other work suggests that colonial cyanobacteria can well be eliminated by zooplankton grazing (Matveev et al. 1994) , and reduction of the fish stock has been observed to result in the disappearance of cyanobacterial dominance in several instances (Rose and Moen 1952; Scavia et al. 1988; Sarnelle 1993) . Thus, there is evidence that grazing may either favor cyanobacterial dominance or eliminate cyanobacteria. This ambiguity is well illustrated by a case study in a eutrophic lake (Sarnelle 1993) . Algal dominance in the lake usually shifted to "inedible" filamentous cyanobacteria in summer, and selective grazing by zooplankton was thought to be an important mechanism involved in causing this shift. However, Daphnia manipulation in enclosures, and wholelake observations before and after a fish kill, showed that intense Daphnia grazing could retard succession to grazing-resistant, filamentous cyanobacteria in summer.
In summary, the field observations and experimental work show a large variation in edibility and nutritional value of colonial cyanobacteria and suggest that depending on the situation, grazing may either favor or eliminate cyanobacteria. In this article, we explore the spectrum of patterns that may theoretically be expected using a model of competition between filamentous cyanobacteria and edible green algae with zooplankton as a third state variable. We analyze the response of the system to fish predation and nutrient concentration for different assumptions on edibility and nutritional value of cyanobacteria.
Our effort should be seen in the context of the long history of analyzing the role of top-down versus bottomup control in food webs by means of simple models. The potential for top-down control was already a hot item more than a century ago. An impression of this debate is given by the Italian scientist Lorenzo Camerano (1880). He presents a theoretical framework for understanding food chain dynamics that contains many of the key concepts of later ecological theory and explains in detail how the effect of disturbances on one trophic level will cascade through the food chain. Camerano's work was ignored until recently, but independently the same ideas provoked much debate almost a century later. An important focus of this debate was a paper in which Hairston, Smith, and Slobodkin present the so-called HSS hypothesis, named after the first letters of the last names of the authors (Hairston et al. 1960) . In short, the idea is that in a world without consumers plants will be abundant. Introduction of herbivores would lead to a repression of plants resulting in a desertlike world. Subsequent introduction of carnivores would, in turn, control the herbivores, releasing the plants from exploitation, resulting in a green world again.
Although, obviously, these ideas are somewhat simplistic, the theoretical consequences of complete top-down control have been explored further in various model analyses over the subsequent decades. An important prediction of various basic models is that in food chains with an odd number of trophic levels producers should increase in response to an increase in the nutrient concentration, whereas in food chains with an even length, the abundance of the highest trophic level, but not that of producers, should increase in response to enrichment (Rosenzweig 1971 (Rosenzweig , 1973 Oksanen et al. 1981) . In practice, such a straightforward top-down control is usually not observed. Rather, the tendency seems to be that enrichment results in an increase of consumer and producer biomass alike, as shown for lake plankton by various authors (Canfield and Watkins 1984; Sarnelle 1992; Watson et al. 1992) . Various explanations for this deviation from predictions by simple models have been analyzed. In the case of plankton, spatial heterogeneity is likely to be an important factor smoothing the response to enrichment (and preventing unrealistically wild oscillations; Scheffer and De Boer 1995) . Also, low nutrient availability may affect the quality of algal food for zooplankton, complicating the trophic cascade in lakes (Sterner et al. 1997; Elser et al. 1998) .
Perhaps the most obvious oversimplification in classical food chain models, however, is that in real biological communities trophic levels consist of many competing species that differ in their ability to use resources and in their vulnerability to predation. Indeed, models accounting for this complication show patterns that may deviate widely from those predicted by the simple food chain models (Abrams 1993 ). An often observed phenomenon is that the availability of alternative prey leads to an increase in predator numbers and, therefore, indirectly, to a suppression of the preferred prey of these predators (Holt 1977 (Holt , 1984 . Also, various authors discuss the important consequences of the fact that increase of predation pressure and/or nutrient enrichment tends to lead to change in the community composition due to a replacement of species with higher growth rates and/or a higher resistance to predation (Armstrong 1979; Leibold 1989 Leibold , 1996 Holt et al. 1994) .
In this article, rather than explore the consequences of the interaction of predators with prey of different edibility in a general sense, we study a particular case in greater depth. Our model describes zooplankton grazing on two competing types of phytoplankton: filamentous cyanobacteria of the Oscillatoria type and green algae. The model takes two separate aspects of edibility into account: selectivity of zooplankton and nutritional value of different (Kirk 1983 ) and P concentrations in phytoplankton compiled in Reynolds 1984 , table 14; (7) estimated using equation 5 in Scheffer et al. (1997a) for a temperate lake with a depth of 3 m from laboratory experiments (Mur et al. 1977a) in mixed water columns with varying turbidity; (8) several experiments suggest that the nutritional value of many cyanobacteria for zooplankton is lower than that of other algae (Arnold 1971; Hawkins and Lampert 1989; De Bernardi and Giussani 1990) ; (9) selectivity against cyanobacteria by Daphnia varies strongly (Hawkins and Lampert 1989; Gliwicz 1990; Gliwicz and Lampert 1990; Epp 1996) . The default value used is arbitrarily chosen and the effect of different values is analyzed (see fig. 6 ).
types of phytoplankton. It appears that these two aspects have quite different implications for the response of the system to nutrient enrichment and predation pressure on zooplankton from fish.
Model Formulation
The model we analyze is composed of three differential equations representing the growth of green algae (g); filamentous cyanobacteria (c), sometimes called blue-green algae; and Daphnia, called also zooplankton (z):
All parameter values and dimensions are listed in table 1 (note that we consistently used units of phosphorus rather than dry weight or total carbon). Growth of both algal groups depends in a simple Monod fashion on light and nutrients. The light conditions are represented by E, which stands for the Lambert-Beer vertical light-extinction coefficient. This shade factor depends on the biomass of both algal groups and their specific light-attenuation coefficients ( and ):
Obviously, this treatment of shade effects is rather crude. Light intensity varies in the course of the day and decreases also with depth. For an idealized well-mixed system of homogeneous depth, the integration of photosynthesis over the light gradient can be treated elegantly (Huisman and Weissing 1994) . However, in real lakes, the situation is always much more complex. Since it is, nonetheless, obvious that available light and, therefore, relative productivity in the lake declines with turbidity, we directly describe this in the employed pragmatic way.
Free available nutrients (n) depend on the total available pool (P) and the amount contained in the two algal groups and zooplankton:
Grazing by zooplankton is represented by a simple sigmoidal response depending on the maximum grazing rate of zooplankton ( ) and a half-saturation constant ( ) that r h z z represents the density of algae at which zooplankton reaches 50% of its maximum consumption rate in a case where all algae are perfectly edible. The selectivity factor (a) represents the proportion of encountered cyanobacteria that are ingested relative to the encountered green algae that are ingested. Higher selectivities imply lower values of a. Zooplankton growth is positively correlated to the weighted sum of the amount of green algae and cyanobacteria ingested and their nutritional values ( and e zg ). When the nutritional value of cyanobacteria chosen e zc is sufficiently low, this formulation is sufficient to generate the phenomenon, observed by Gliwicz and others (Gliwicz 1990; Gliwicz and Lampert 1990) , that zooplankton growth becomes negative when the density of cyanobacteria in the mixed algal culture that serves as food becomes too high.
Losses due to fish predation are represented through a sigmoidal functional response depending on the maximum consumption rate of the fish community in the lake (F) and a half saturation constant (s). The rationale behind this formulation is that the predation loss term should represent the impact of the fish community as a whole. In reality, different groups of fish forage on Daphnia with different functional responses. Therefore, this term is really just a pragmatic solution to mimic the effect of many different animals switching to forage on Daphnia at different moments with different efficiencies. Since most of the larger individuals usually switch to Daphnia only when it is not too scarce (Mills and Forney 1983; Lammens 1985; Lammens et al. 1985) , the predation pressure is likely to increase more than linearly with Daphnia density over this initial range. Because of this prey-switching behavior of fish, the overall functional response is likely to be sigmoidal. The maximum consumption rate (F) is set directly rather than as the product of the fish biomass and their weight-specific maximum intake. The latter is not easily defined for a whole community, since large animals consume less per gram of body weight than small ones.
Zooplankton and algae also have loss factors due to outflow from the lake (f, for flushing) and specific loss rates (d) representing respiration and other factors not accounted for explicitly in the model.
In earlier papers, we analyzed the competition between filamentous cyanobacteria and green algae (Scheffer et al. 1997a ) and the effect of zooplankton grazing on a single population of edible algae (Scheffer 1991; Scheffer et al. 1997b; M. Scheffer, S. Rinaldi, and Y. A. Kuznetsov, unpublished manuscript) . The model we analyze here is a combination of the models presented earlier, and an extensive discussion of the choices made in formulating the model can be found in these papers. The new aspect is that, depending on the selectivity of zooplankton, consumption is now divided over two different algae with different nutritional values. As explained in the introduction, experimental results and field studies suggest a large variation in selectivity and nutritional value, and therefore, the effects of the parameters that represent these aspects (a and e) are explored extensively in the following analysis.
Analysis and Results
The aim of this section is to identify all possible asymptotic modes of behavior (for or ) of the model t r ϱ t r Ϫϱ (eqq. [1] [2] [3] ) in a suitable range of two control parameters, namely, total nutrient concentration P and fish predation pressure F. Since the model has three differential equations (it is a "third order" model), its attractors, saddles, and repellors can be equilibria and limit cycles, as in second order systems, but also chaotic attractors (as well as chaotic saddles and chaotic repellors). Each point (P, F) of the two-dimensional parameter space corresponds to one model of our family (eqq. [1] [2] [3] ) and, therefore, to one specific set of attractors, saddles, and repellors. If point (P, F) is slightly changed, that is, if at least one of the two control parameters is slightly perturbed, by continuity the position and the form of the attractors, saddles, and repellors in state space will vary smoothly (e.g., a cycle might become slightly bigger and faster), but all trajectories will remain topologically the same (e.g., an attracting cycle will remain an attracting cycle). Only at some particular points in parameter space, the above continuity argument will fail. At these points, called "bifurcation points," small variations of the parameters entail significant changes in the model behavior. Bifurcation points are located on curves, called "bifurcation curves," in the parameter space (P, F), and these curves partition the parameter space into subregions. All the models corresponding to the same subregion have qualitatively the same behavior. Thus, by determining all bifurcation curves, we can produce a complete map showing where the different modes of behavior of a system occur in the parameter space. We produced a map of the bifurcation curves of the model by using specialized software for carrying out the computations (Khibnik et al. 1993) . We show the results of this analysis in figure 1 for the following values of selectivity and nutritional value of cyanobacteria: ; a ϭ 0.5 e ϭ zc .
0.1
In order to interpret the bifurcation diagram of figure 1 biologically, we should first specify the set of attractors, saddles, and repellors characterizing each region of figure 1. These regions are so many (50) that it would be boring for the reader to follow a complete discussion. For this reason, we present only a small sample of this discussion by looking at the three subregions [a], [b] , and [c] in figure 1 and showing their attractors, saddles, and repellors in the corresponding figure 2.
In region [a] there are only equilibria: one is an attractor characterized by absence of cyanobacteria and the three others are saddles (see fig. 2A ). Thus, in region [a], the system can only settle to a stationary green monoculture (g, 0, z).
In region [b] , there are two extra unstable equilibria in the (g, z) plane that collide and disappear crossing the fold bifurcation curve FE from the right to the left. Thus, in region [b] , there is still a unique attractor, namely, a stationary green monoculture, as in region [a] . This means that if we limit our discussion to the attractors, as we should if we like to extract meaningful biological messages from figure 1, the fold bifurcation curve FE that separates regions [a] and [b] must be erased, and the two regions must be considered as a single region. For similar reasons, many other bifurcation curves can be eliminated from figure 1, thus reducing the number of significant subregions.
Finally, in region [c], we still have the three saddle equi- Studying the whole bifurcation diagram of figure 1 in the way outlined above, we find that it is possible to extract the basic information concerning green monocultures, cyanobacterial monocultures, and mixed cultures, that is, regions of grazing-mediated coexistence. From now on, the corresponding attractors will be indicated by G, C, and M, respectively. Figure 3A shows the G region, namely, the parameter values for which stable G monocultures exist. For low fish densities ( ), the pressure on zoo-F ! 0.003 plankton is not too high, and the attractor is characterized by periodic phytoplankton and zooplankton outbreaks, while for high F, the green monoculture is stationary, as predicted by a simple competition model (Scheffer et al. 1997a) . Figure 3B shows, instead, the C region, which is simply delimited by a vertical bifurcation curve. The C attractor is always an equilibrium, characterized by absence of zooplankton. This fact can be immediately de- signed for the moment to cyanobacteria is too low to allow zooplankton to invade a C monoculture (in the following, it is shown that this is not true for higher nutritional values ). Finally, figure 3C shows the M region, where green e zc algae can coexist with cyanobacteria. The region is characterized by intermediate values of nutrients and low values of fish. In one part of the region, the attractor is an equilibrium, that is, we have stationary coexistence, but in other parts, we find cyclic and chaotic coexistence. The fact that grazing-mediated coexistence is possible through a cyclic or even chaotic regime is consistent with previous studies on general two-prey-one-predator models (Vance 1978; Gilpin 1979; Noy-Meir 1981; Takeuchi and Adachi 1984; Klebanoff and Hastings 1994) and with more specific studies on plankton dynamics (Kretzschmar et al. 1993) . Figure 4 shows the results of three simulations carried out Figure 4A points out a limit cycle on which green algae and cyanobacteria coexist. This limit cycle has a period of about 1 yr and is therefore much longer than the standard phytoplankton-zooplankton cycles that have periods of about 1 mo. Moreover, green algae and cyanobacteria are slightly out of phase and have one pronounced outbreak per year. Also the two other scenarios reported in figure 4 have approximately one pronounced outbreak per year, but the attractor shown in figure 4B is still a cycle while that in figure 4C is a chaotic attractor.
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The results of the analysis are summarized in figure 5, obtained by superimposing the three bifurcation diagrams shown in figure 3 . In doing this, we have eliminated all bifurcation curves separating stationary from cyclic and cyclic from chaotic regimes. Thus, figure 5 indicates only which attractors (G, C, or M) are present in each subregion but does not say if such attractors are equilibria, cycles, or chaotic attractors.
Region M where green algae and cyanobacteria can coexist is the striped region. Notice that nowhere in such a region is the M attractor a unique attractor because G ∪ covers the entire parameter space (we will see in the C following that this property does not hold for higher selectivities and nutritional values of cyanobacteria).
The dotted region in figure 5 is the region where G ∩ C both monocultures G and C are possible. If F is high and nutrients are increased, a G monoculture will sooner or later be replaced by a C monoculture. The transition from G to C occurs when the right boundary of the dotted region is crossed from the left. Once the system is settled on the C monoculture, the reverse transition can be obtained by reversing the control action, namely, by reducing nutrients, but the effort needed to get rid of cyanobacteria is quite large because the transition from C to G will occur only when the left boundary of the dotted region is crossed. Such an asymmetric control mechanism is often called "hysteresis" (Scheffer et al. 1997a ). In the regions that are both striped and dotted, there are three attractors: a green algae monoculture G, a cyanobacterial monoculture C, and a grazing-mediated coexistence M. Actually, the nature of these attractors can be different: for example, taking figure 3 into account, the reader can easily verify that C can be stationary, G cyclic, and M chaotic, a rather surprising result. In these regions, the system is particularly sensitive to noise because a shock (a flood, a release of a toxic substance, an epidemic, etc.) can suddenly transfer the state of the system from one basin of attraction into another basin of attraction so that, after a transient, the system will behave in a different way.
Finally, through a careful analysis of figure 1, one can notice that all bifurcation curves appearing in figure 5 are catastrophic (we will see later that this is often the case). This implies that transitions from one attractor to another, as a result of small variations of the two control parameters, are accompanied by remarkable discontinuities of any water-quality indicator.
The results obtained up to now are all derived from figure 1, which is the bifurcation diagram of the model with respect to the two control parameters P and F for a given set of biological parameters. As already said, all biological parameters vary from lake to lake, but two of them, namely, selectivity (a) and nutritional value of cyanobacteria ( ), seem to be characterized by a particularly e zc high variance. We use the model (eqq. [1] [2] [3] ) to identify the role that these two parameters play. This can be done, once more, through bifurcation analysis, that is, by producing a bifurcation diagram similar to that of figure 1 for different values of the pair (a, e zc ). We have therefore repeated our exercise increasing and decreasing a and with respect to the reference values used up to now, e zc and we have produced, in particular, the diagrams analogous to that shown in figure 5 . The result is shown in figure 6 , where each diagram refers to a different pair (a, e zc ). Selectivity decreases from left to right because the three columns correspond to increasing values of a (respectively 0.1, 0.5, 1), while nutritional value of cyanobacteria increases from bottom to top ( in the lower row, e ϭ 0.1 zc and in the upper row). Thus, the diagram in e ϭ 0.5 zc figure 6E corresponds to , , and is therea ϭ 0.5 e ϭ 0.1 zc fore the bifurcation diagram reported in figure 5 . A comparison of all the diagrams shows some interesting patterns.
1. The region of coexistence (striped region) increases with selectivity and decreases with nutritional value of cyanobacteria. Actually, for sufficiently high values of a and ( fig. 6B , C, F), coexistence is not even possible and there e zc are, at most, two attractors.
2. At high selectivity ( fig. 6A, D) , some of the boundaries of the coexistence region (striped region) are noncatastrophic. This implies, in particular, that a green algae monoculture can gradually be invaded by cyanobacteria by increasing nutrients or that a cyanobacterial monoculture can gradually become a mix by decreasing nutrients. Obviously, in this case also, turbidity varies smoothly with respect to nutrients.
3. For sufficiently high nutrients and fish (i.e., in the upper right corner of each diagram), the system settles irreversibly to a cyanobacterial monoculture C.
4. For sufficiently low nutrients (i.e., close to the Faxis), there is no chance for cyanobacteria to be present and the system settles to a green algae monoculture.
5. The shape of the left boundary of the dotted region (where both monocultures are possible) shows that one can always get rid of cyanobacterial monocultures (in the model) by reducing nutrient load. By contrast, a reduction of fish due to biomanipulation will be successful only if a and are sufficiently high ( fig. 6B, C) . For high nue zc tritional values of cyanobacteria and high selectivity ( fig.  6A, B) , also an increase of fish can force the system to switch from a cyanobacterial monoculture to a green monoculture, but this can happen only if nutrients are not too high.
6. The range of nutrients characterizing the hysteresis between the two monocultures at high fish (i.e., the width of the dotted region) increases with selectivity and with nutritional value of cyanobacteria.
Discussion
Probably the most significant result of this article is the finding that edibility (defined as selectivity of the grazer and nutritional value of the algae) can have widely different effects on community dynamics. Despite the enormous variation in behavior that can arise from the relatively small set of mechanisms represented in the model, some systematic trends can be distinguished. In this section, we highlight the major patterns and discuss their correspondence to field observations and existing theory. The majority of the following comments are extracted from figure 6, which, indeed, summarizes our analysis.
When fish predation pressure (F) is very high, the role of zooplankton is negligible and the model behaves as the simple competition model that we analyzed before (Scheffer et al. 1997a) . In that case, there are only two possible attractors: one without green algae and one without cyanobacteria. These two situations are alternative attractors for a certain range of nutrient levels, implying hysteresis in the response to changes in nutrients. In short, this hysteresis is explained by the fact that the modeled filamen-tous cyanobacteria of the Oscillatoria group are better competitors under turbid conditions, but also make the water more turbid, thus, reinforcing their own dominance.
When fish predation is reduced, allowing zooplankton to play a role, coexistence of green algae and cyanobacteria becomes possible (see fig. 6 ). The fact that grazing can mediate the coexistence of competing species has been noted in various theoretical studies before (Vance 1978; Noy-Meir 1981; Takeuchi and Adachi 1984) . Indeed, although filamentous cyanobacteria have a tendency to be either absent or completely dominant in well-mixed lakes, they can also coexist with other algae (Scheffer et al. 1997a) . Also, conspicuous coexistence of large-bodied Daphnia with large cyanobacterial filaments has been observed in field situations. In fish ponds in Czechoslovakia, for instance, the combination of extremely large (up to 20 mm) filaments of Aphanizomenon flos-aquae with largebodied Daphnia was the most common type of summer plankton in the 1950s and 1960s (Pechar 1992) . In view of the large filament size, it seems reasonable to assume that Daphnia would select strongly against this food. Also, coexistence of Daphnia pulicaria with filamentous cyanobacteria in North American lakes has been connected to experimentally demonstrated high selectivity of the feeding (Epp 1996) . These observations are well in line with the fact that the model predicts such coexistence to be possible only if cyanobacterial nutritional value is low and/or selectivity of grazers is high ( fig. 6 ).
The attractors of the model can be stationary but also cyclic or even chaotic. Oscillations occur only when fish predation (F) is low enough so that zooplankton can play a major role. At very low nutrient levels, green monocultures are stationary even if there is little fish predation. Enriching the system (increasing P), we find that the stability of the equilibrium soon disappears and the attractor becomes cyclic. This is a well-known phenomenon described in the classical "paradox of enrichment" paper (Rosenzweig 1971) . Increasing fish, such cycles inevitably disappear again, and the system shifts to a stable equilibrium with very low zooplankton densities as described in detail elsewhere (Scheffer 1991; M. Scheffer, S. Rinaldi, and Y. A. Kuznetsov, unpublished manuscript) for models with only edible algae. The tendency of the model to oscillate also decreases when cyanobacteria become involved as found in other theoretical analyses (Kretzschmar et al. 1993) . Especially the attractor without any green algae is almost always stationary (except for a very narrow range of conditions when cyanobacteria are sufficiently nutritious and consumed by zooplankton). The attractor in which both algal groups coexist tends to be stationary but can also be cyclic. As explained in the previous section, the cycles in this mixed attractor are of a different nature than the classical zooplankton-algae oscillations. They have a period of about 1 yr (as opposed to about 1 mo for the cycles of the attractors with only one algal type) and can evolve into chaotic dynamics for some conditions, as found for other models of a predator with two competing prey (Vance 1978; Takeuchi and Adachi 1984; Klebanoff and Hastings 1994) .
A general point of interest with respect to the response of the system to manipulation of fish and nutrients is that almost all transitions between different attractors of the model are catastrophic. Thus when fish or nutrients are varied, the system tends to stay in the same attractor until a critical point is reached at which that attractor loses stability and a jump to another attractor with a different algal composition and a different turbidity occurs. Reversing the change in fish or nutrients, the system shows hysteresis, that is, it remains in the newly achieved attractor until another critical point is reached where another catastrophic transition occurs. Note that for some parameter settings all three attractors can be simultaneously present, implying that, under the same conditions in terms of fish and nutrients, the system may be characterized by cyanobacteria, green algae, or a mix, depending on the history. Hysteresis between the two monocultures with respect to nutrients can disappear only when grazing is strongly selective and the fish community is relatively low (fig. 6A,  D) . When in this case cyanobacteria are also nutritious enough to allow zooplankton to develop in a cyanobacterial monoculture ( fig. 6A ), the transition from green to cyanobacterial monocultures and vice versa is entirely smooth (i.e., noncatastrophic). Obviously, at high fish densities, when zooplankton is repressed, the original hysteresis with respect to nutrients remains.
One of the most consistent patterns in the analysis is that the upper right-hand corner of the bifurcation diagrams always contains solely the cyanobacterial attractor. This result is in line with the many studies showing that cyanobacteria tend to dominate at eutrophic situations with high fish stocks but often disappear when fish and nutrients are reduced. Note, that it is only the combination of high fish and high nutrients that guarantees cyanobacterial dominance in this model. When nutrients are low enough, cyanobacteria are consistently absent.
Only when zooplankton is not too selective and cyanobacteria are nutritious ( fig. 6B, C) , the model predicts that a sufficiently strong reduction of fish predation pressure can allow zooplankton to eliminate cyanobacteria, even at high nutrient concentrations. This result is well in line with an analysis of the results of 47 experiments manipulating predation and/or nutrient levels in plankton systems (Leibold 1989) , showing that, only when relatively nonselective Daphnia dominate the zooplankton, the abundance of "grazing-resistant" algae is significantly related to the presence of fish. Interestingly, the model suggests that not only a decrease but also an increase in fish may cause a switch from cyanobacteria to other algae in some situations ( fig. 6A, B) . Thus grazing may favor but also eliminate cyanobacteria, and under some conditions, cyanobacterial dominance is actually limited to situations with intermediate grazing pressure (fig. 6B ). The fact that grazing can have opposite effects may be understood from the operation of two different mechanisms in the model. On the one hand, selective grazing may, obviously, shift the competitive balance in favor of cyanobacteria because it affects the other algae relatively more. On the other hand, large cyanobacteria have slow growth rates and are therefore relatively sensitive to increases in the loss rate (grazing, sinking, flushing). The latter is illustrated by the fact that cyanobacteria tend to be replaced by other, faster-growing algae in situations where losses from the lake due to flushing are high (Scheffer et al. 1997a) .
Indeed, these two opposite effects of grazing on the competition between cyanobacteria and other algae are also reflected in the results of various field and laboratory studies as explained in the introduction. On the one hand, the shift to cyanobacteria that often occurs after the spring peak of Daphnia is usually attributed to the elimination of competing edible algae by selective grazing. On the other hand, Daphnia are often observed to eliminate cyanobacteria when fish predation is sufficiently low, and under high zooplankton grazing pressure, the phytoplankton is typically dominated by edible but fast-growing algal species.
Obviously, the overall effect of grazing on the competitive balance depends critically on the selectivity of the grazers. If grazing is entirely nonselective, populations of large cyanobacteria will be more affected than other fastergrowing algae, whereas in situations where cyanobacteria are not eaten at all, grazing will merely favor them. Selectivity varies strongly with the individual size of zooplankton. On the one hand, small animals select smaller algae and seem to be relatively little affected by the presence of cyanobacterial filaments. Since the summer zooplankton community is typically dominated by small animals in most lakes, grazing is likely to be strongly selective indeed and thus favor dominance by unpreferred cyanobacteria as suggested by many authors. On the other hand, large Daphnia species that usually dominate when fish predation is very low are less selective, and the fact that cyanobacteria are often eliminated in such situations is not surprising in view of the model results. In practice, selectivity of zooplankton grazing will thus be correlated to predation pressure from fish, favoring cyanobacterial dominance in situations with high fish densities when zooplankters are typically small and selective. The model, however, shows that also in the absence of such a correlation between fish predation and zooplankton selectivity there is a tendency for cyanobacteria to be favored by intermediate but not by high grazing pressure.
In our analysis, we distinguished between selectivity and nutritional value as two aspects of inedibility. These two factors imply a negative effect of cyanobacteria on zooplankton only through decreases in the availability of qualitatively good food. As mentioned in the introduction, some cyanobacteria may excrete substances that reduce the filtration rates of zooplankton, and it has also been noted that filamentous cyanobacteria may hinder Daphnia by clogging its filtration system. However, in our model, such interference does not affect the range of qualitative results, as we have checked by adding an extra interference term in the model. The main effect of interference on the model results is that it allows the attractor of coexistence of cyanobacteria and other algae to extend up to a higher nutrient concentration.
Several parameters have been kept constant in the current analysis. Earlier work on separate parts of the model may serve to briefly illustrate the robustness to assumptions on the value of various parameters. First, it should be noted that the hysteresis in algal competition is a rather robust property of the model. In the absence of grazers, it can be proven to exist for any set of parameter values satisfying the condition that cyanobacteria have a lower maximum productivity (r), loss rate (d), and sensitivity to turbidity (q) but cause a higher turbidity per unit of nutrients (k) than the other algae (Scheffer et al. 1997a ). The collapse of zooplankton in response to increasing fish predation is another relatively robust underlying mechanism discussed extensively in earlier work (Scheffer 1991 (Scheffer , 1998 . The flush rate (f ) is a parameter of special interest as it is quite influential to the balance in the competition between cyanobacteria and other algae. As discussed in our previous analysis of the version of the model without zooplankton (Scheffer et al. 1997a) , an increase of the flush rate can be a way to break dominance by relatively slowgrowing cyanobacteria. The model without zooplankton predicts that beyond a flush rate of approximately 18% of the lake volume per day, cyanobacteria should be absent irrespective of the nutrient level. This fits well with the observation of Danish workers that large cyanobacteria are not found in lakes with a hydraulic residence time of less than 5 d (E. Jeppessen, personal communication).
In conclusion, the most interesting model parameters from the management point of view are the flush rate, the nutrient level, and the fish density because these can be manipulated in attempts to get rid of nuisance blooms of cyanobacteria. Our analyses suggest that the potential success of fish stock manipulation and nutrient control depends strongly on the selectivity with which cyanobacteria are excluded from the diet of zooplankton and the nu-tritional value of cyanobacteria. Since in practice selectivity and nutritional value seem to differ strongly from case to case, it is not surprising that field patterns and lab results on the effect of top-down control of cyanobacteria are so variable. Our results suggest that a better analysis of nutritional value and selectivity might help to explain this puzzling variability in future work.
